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Abstract. A geometric model for twisted K-homology is introduced. It is mod- 
eled after the Mathai-Mclrose-Singer fractional analytic index theorem in the 
same way as the Baum-Douglas model of Jf-homology was modeled after the 
Atiyah-Singer index theorem. A natural transformation from twisted geo- 
metric Jf-homology to the new geometric model is constructed. The analytic 
assembly mapping to analytic twisted Jf-homology in this model is an isomor- 
phism for torsion twists on a finite CW-complcx. For a general twist on a 
smooth manifold the analytic assembly mapping is a surjection. Beyond the 
aforementioned fractional invariants, we study T-duality for geometric cycles. 



Introduction 

One of the motivating problems for the Atiyah-Singer index theorem was the 
search for an explanation for the integrality of the A-genus of a spin manifold. 
The answer is that the A-genus is the Fredholm index of the Dirac operator as- 
sociated with the spin structure. Mathai-Mclrosc-Singcr asked a similar question 
in their paper |24j . Namely, is there an index type interpretation of the A-genus 
when there is no spin structure? The answer to this question required projective 
pseudo-differential operators and a pseudo-differential calculus with symbols given 
by sections of an Azumaya bundle. These operators have similar micro local struc- 
ture as usual pseudo-differential operators, but the space of smoothing operators in 
this calculus does not form an algebra. However, they admit a tracial functional. 
The trace defines an invariant of elliptic elements in the calculus known as the frac- 
tional analytic index. The A-genus of an oriented manifold was proven to equal the 
fractional analytic index of a projective Dirac operator in [21] . 

The proof of the Atiyah-Singer index theorem from [5j uses K-theory as a con- 
tainer for symbols of elliptic operators and the index theorem can be stated as 
the equality of two different types of indices, one topological and the other ana- 
lytic. The topological index is a push-forward to a point, so even though JC-thcory 
is a generalized cohomology theory, it is used as a homology theory. To remedy 
this limitation, Atiyah constructed the analytic K-homology of a topological space 
in pp. This construction was later generalized much further by Kasparov [20] to 
give KJC-theory. Even though an elliptic operator easily gives a class in analytic 
K-homology, it is often difficult to extract explicit index theoretic information from 
such data. In the same spirit that integer homology is constructed from simple 
combinatorial data such as simplicial complexes, Baum-Douglas [3] introduced geo- 
metric K-homology which is built on data that have well understood index theory, 
spin c -manifolds. From a geometric K-cycle one can assemble an abstract elliptic 
operator in analytic K"-homology. This completed the picture as the Atiyah-Singer 
index theorem can be derived from a certain commutative diagram involving the 
assembly mapping; for more details, see [3]. Geometric K-homology with variations 
has proved to be useful in various other index problems: the index problem for the 
Heisenberg calculus [TJ, Z/fcZ-manifolds [HQS and R/Z-index theory [n||T71|Tg]. 
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The aim of this paper is to develop a construction similar to Baum-Douglas 
geometric K-homology for the fractional analytic index theorem of Mathai-Mclrose- 
Singer. The resulting theory is refered to as projective K-homology. A projective 
cycle {M,E, if) over a space X with a twist, i.e. a principle P[/(j^f)-bundle P —>X for 
a separable Hilbcrt space , consists of three parts: a torsion twist M on a spin c - 
manifold, a twisted K-theory class E and a mapping if. The spin c -manifold with a 
twist M is a principal P[/(fc)-bundle for some k over the spin c -manifold M/PU(k). 
The element E is an element of K-thcory with the twist associated with M over 
M/PU(k). Finally, the mapping tp respects the twist of X and M in the sense that 
it (after possible Morita equivalences) is an equivariant mapping M — » P; the precise 
definition is given in Definition [XT] After defining a suitable equivalence relation we 
obtain a group K% r ° 3 (P), sec Definition [33] The assembly mapping from projective 
K-homology to twisted analytic K-homology can be constructed more or less in the 
usual way. The manifold M/PU(k) carries a spin c -Dirac operator that one twists 
by E. The resulting class is then pushed forward using if. When X is a finite 
CW-complcx and the twist is torsion, the assembly mapping is an isomorphism (see 
Theorem EU). 

Examples of projective cycles naturally occur in various areas. When T-dualizing 
a circle bundle, one can construct projective cycles on the T-dual twisted space from 
geometric cycles on the total space of a circle bundle. We prove in Proposition ^. 31 
that T-dualizing geometric cycles into projective cycles produces a monomorphism 
on classes in general and an isomorphism if the circle bundle is flat. The construc- 
tion implies that the assembly mapping is a surjection on the T-dual of a circle 
bundle. Our main example is that of the clutching construction for elliptic pro- 
jective pseudo-differential operators. The clutching construction can be performed 
for torsion twists and gives an isomorphism between the twisted K-theory of the 
cotangent bundle, the container for K-theory data of symbols of elliptic projective 
pseudo-differential operators, and the projective K-homology. More details on this 
construction can be found in Theorem 14.71 

Our intention with this geometric model is two-fold. Not only is it isomorphic 
to twisted analytic K- homology (if the twist is torsion), but the cycles used to 
define it are of a rather general form. As such, these cycles appear naturally in 
a number of applications. In [28] (also see [JjQ]), a geometric model for twisted 
K-homology is developed using cycles based on considerations from mathematical 
physics (in particular, D-branes). As such, the cycles are certainly naturally defined 
and have also found a number of applications (e.g., the foliation index theorem in 
|28|). On the other hand, a number of constructions considered here seem to require 
the flexibility offered by projective cycles; a prototypical example is the clutching 
construction discussed in the previous paragraph. 

There is a natural way to obtain a projective cycle from a twisted geometric 
cycle. This association produces a natural transformation from twisted geomet- 
ric K-homology to projective K-homology that we call the geometric modification 
mapping (see Theorem I5-2|) . We relate the geometric modification mapping to 
the assembly mapping in twisted geometric K-homology (see |28j). In particular, 
for smooth manifolds, the analytic assembly mapping on projective K-homology is 
surjective and the geometric modification mapping is injective (see Corollarv l5.3p . 

Projective K-homology for torsion twists fits very well with fractional invariants. 
Every projective cycle for a torsion twist has a fractional projective index which only 
depends on its class in projective K-homology. Similarly, a twisted geometric cycle 
has a fractional geometric index only depending on the class in twisted geometric K- 
homology; in the picture of a D-brane, this can be thought of as a total charge. We 
prove in Theorem 16.61 that the fractional projective index, the fractional geometric 
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index and the fractional analytic index are all equal. The construction of fractional 
indices from geometric K-cycles, both projective and twisted, unfortunately only 
makes sense for torsion twists. Precisely, in Subsection 16.21 we show that the de 
Rham class of the twist's Dixmier-Duoady class gives an obstruction to the bordism 
invariance of the fractional index. 

Beyond the assemble of twisted analytic cycles from projective cycles, there are 
other analytic realizations of our cycles in the case of a torsion twist. To give 
a K"-homological description of the fractional analytic index from a more analytic 
picture, we use rational geometric JC-homology as a stepping stone. As the reader 
may recall (see [5]), the rational K-homology of X can be realized via KK(C(X),D) 
where D is a UHF-algebra with K -group given by the rationals. Moreover, this KK- 
theory group can be realized using Baum-Douglas type cycles (see for example |27|); 
we refer to such a cycle as a rational geometric K"-cycle. Since the twisted Chern 
character is a rational isomorphism for a torsion twist, we can in a direct fashion 
construct a rational geometric K"-cycle from a projective cycle (see Definition 16. 13[) . 
The fractional index of a projective cycle coincides with the index constructed from 
its rationalization as a rational K-homology class, i.e., as an index with values in 
the K-theory of the aforementioned UHF-algebra. 

Let us make a few remarks about torsion assumptions on the twist. The defini- 
tion of projective K"-homology and constructions of examples work under no torsion 
assumption on the twist. However, our main results concerning the assembly map- 
ping and fractional invariants are proved only for torsion twists. It is at this point 
not clear if projective K"-homology is the correct model for non-torsion twists, but 
we include its definition due to the interesting examples. Another geometric model, 
one that fits well also with non-torsion twists, can be found in the preprint [3j. 
A number of constructions related to those considered in this paper are discussed 
in [3J. While there is some overlap between our results and those found in [3J, we 
have concentrated more on specific applications while they concentrate more on the 
general theory. As such, these papers are, in fact, rather complementary. 

The paper is organized as follows; in the first two sections, we recall some known 
concepts of projective vector bundles and its relations to twisted JC-theory. Some 
results in these sections are formulated in a slightly new way to fit better with the 
rest of this paper. In Section[3J we introduce the projective cycles and projective K- 
homology and prove that the assembly mapping is an isomorphism for torsion twists. 
We consider examples coming from T-duality and the clutching construction in 
Section[4] The projective JC-homology is compared to twisted geometric iC-homology 
in Section [5] In the sixth and final section of the paper, fractional invariants are 
considered. 

1. Principal Pl/(n)-bundles and projective bundles 

1.1. The group PL/(oo). The group of projective unitaries in n dimensions is de- 
fined as the group PtJ(n) := U(n)/U(l), it forms a simple Lie group. If we identify 
TLjnTL with the subgroup of t/(l) C (C consisting of nth roots of unity, PU(n) can 
also be realized as SU{n)l{7Ljn7L). If n, n' e N there is an embedding 

£„ y : U(n) x U{n!) - U{nn'), (x,y)~x®y. 

Here we identify U{nn') = C((D" ® <D n ). This mapping acts as multiplication on the 
centers. In particular, it induces a mapping PU{ri) x PU(n') — > PC(nn'). Another 
consequence is that if n\n' there is an embedding PU{ri) — > PU{n'). We will denote 
P[/(oo) :=limPt/(n). 

If X is a Hausdorff space with a P[/(fc)-action we say that X is a P[/(fc)-space. 
Let us remark that since PU(n~) is a compact Lie group, the Slice Theorem implies 
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that if X is a manifold with a free smooth P!7(n)-action then the quotient X/PU(n) 
is smooth and the mapping X —> X /PU(n) is a principal P[/(n)-bundlc. 

Definition 1.1. A PU{oo)-morphism from a PU{n)-spaccX to a PU(n')-space Y is 
a triple (J ,X U , Y u ) where the last two components consist of a PU{n)-invariant Un- 
bundle X u — > X and a PU(n')-invariant U(l')-bundle Y u — » Y such that nl = n'V 
and f is a PU{jii)-equivariant continuous mapping 

f -X u x PUMxU(l) PU(nl)^Y u x pu(nlxU(n PU{nl). 

We say that (f,X u ,Y u ) is a PU (oo) -diffeomorphism if all involved structures are 
manifolds and f is a diffemorphism. 

The composition of two P[/(oo)-morphisms (f,X u ,Y u ) and (g, Y U ,Z U ), which 
are morphisms X — > Y respectively Y —* Z, is defined as (g o f,X u , Z u ). Observe 
that the composition of two arbitrary morphisms is not well defined in general. The 
motivation for introducing this notion of a morphism is its similarity with Morita 
morphisms. Wc will return to this later in the context of Azumaya bundles. 

We will use the notation pf r C.P for the union of all open subsets on which the 
P[/(fc)-action is free. 

Proposition 1.2. If P is a metric PU{k)-space and K c pf r is compact, K has a 
PU(n) -invariant neighborhood U on which PU(n) acts freely. 

Proof. Since K is compact, every point x e K has a P!7(n)-cquivariant neighborhood 
U x such that d[U x , (P^ r ) c ) > 0. Compactness of K also implies that we may find 
finitely many x 1 ,...x n so that U := Ll^ =1 U Xj is a P[/(n)-equivariant neighborhood. 
This neighborhood clearly satisfies d(U, (P /r ) c ) > and U C pf r . □ 

The short exact sequence of groups — » TLjnTL — » SU(n) — » PU{n) — » 1 defines a 
line bundle L n — » PU(n) via 

L n :=SU{n)x^€. 

The S!7(n)-action on PU{n) lifts to an S!7(n)-action on L n and induces an isomor- 
phism of line bundles over PU{n) x PU(ri) 

YpV{n) '■ m pu[n) L n — L n ^ L n . 

Here we use the notation for outer tensor product of vector bundles. 
Proposition 1.3. If a : PU{n) — > PU{n) denotes complex conjugation, then a*L n = 

Proof. This is clear since complex conjugation inverts elements in the center TLjnTL 
oiSU{n). □ 

Proposition 1.4. If n,n' e N, then as line bundles over PU{n) x PU(n') 

{in,n')* L nn'= L n^ L n'- 

Proof. We observe that i nn i induces a well defined mapping SU(n) x SU(n') — » 
SU(nn'). By construction 

L n B L n , = (SU(n) x S[/(n')) x z/nZxZ/ „, z C, 

The Proposition follows from the fact that (Z/nn'Z)ni n y (SlT(n)xS U{n')) = Z/nZx 
22/n'SZ. □ 

Principal Pt/(n)-bundles overX are classified up to isomorphism by H^X, P[/(n)). 
The short exact sequence 1 — > — » !7(n) — > PU{n) —* 1 and the isomorphism 
H 2 {X,U{1)) = H 3 (X,Z) gives rise to a Bockstein mapping 5 : H 1 (X,PU(ri)') -» 
H 3 (X,Z). Since this mapping factors over H 2 (X,Z/nZ) it follows that n<5(P) = 
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for any principal PU(n}- bundle P. The invariant 5(P) is known as the Dixmier- 
Douady invariant of P. A theorem of Serre (see |TB]) states that the torsion in 
H 3 Qf, Z) classifies principal P!7(fc)-bundles up to a PU(oo)-isomorphism acting as 
the identity on the base X . Observe here that we are abusing the notation since a 
P£/(oo)-isomorphism need not preserve the rank k. 

1.2. Projective bundles. In this subsection, P denotes a locally compact PU{n)- 
space. The mapping A P : Pl/(n) x P — » P will denote the action of Pt/(n); so 
Ap{g,p) = gp- Associativity of the action can be encoded in the commutativity of 
the diagram 

PU{n) x PU(n) x P ' dxAp > PU{n) x P 

%»(«) x id P 

P[/(n) x P Af > 



where m PU ^ : PU(n) x PU{n) —* PU(n) denotes multiplication in PU(n). 

Definition 1.5. A projective bundle over P is a vector bundle E — » P and an 
isomorphism 

(1) y^Ajf^I-^E 

i/iai satisfies the following associativity condition (as bundles over PU(n)xPU(n)x 
P): 

(m mn) x id)* a;e ° drowXAf) ' r . L" 1 SI A* £ 



m* ,L £ — 

PU{n) n 



If the same holds when replacing L n 1 with L n we say that E is an opposite projective 
bundle. 

The upper horizontal arrow is well defined since A P is associative so 
O d Pi/(n) x Ap)A P = A P (m PU[n) x id P ) 

and 

(m PUM x id)* A* p E = A P (id PI/(n) x A P fE. 

The associativity condition can also be found in equation (17) of [23] m the following 
equivalent form. For p e PU(n), we set 

Ye.p ■= Te\ p 'e ■ P*E -> l~l ® E 

If p,p' e P!7(n), the associativity condition of [23] states that as mappings {pp')*E —* 
L _1 , <g> £ one has that 

n,pp 

Te,pp> = (Tpl/w ® id £ ) ° (id L -i, ® Te, p ) °P*Ye, p '- 

Every projective bundle comes with a natural S!7(n)-action defined as follows. 
If a e SU(n) with p = a mod £/(l), then the action comes from 

p*E^l~ l x E — £ 

" n,p 

where the last arrow is obtained from the trivialization (L~ l p — > {p} x (D) defined via 
a. 

If £ and £' are two projective bundles over P, then their direct sum £©£' is again 
a projective bundle with the obvious isomorphism j EmE > := y E © Let Proj[P) 
denote the category of projective bundles over P. We also let Proj op (P) denote the 
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category of opposite projective bundles. If P is a P!7(fc)-space we let P° p denote the 
space P with the complex conjugated P[/(fc)-action. 

Proposition 1.6. Complex conjugation of vector bundles defines an equivalence 
Proj[P) = Proj op (P) and complex conjugation of the action on P defines an equiv- 
alence Proj{P) = Proj op {P op ). 

One can also stabilize projective bundles. Let Q — » P be a P!7(n)-invariant 
principal [/(Z)-bundlc and E — » P be a projective bundle. Then, L Q := Q Xym <G — » 
Q := Q/[/(l) (this is the fiberwise version of L„ for Q). The quotient mapping tCq : 
Q — > P is a principal P£/(Z)-bundle over P. Furthermore, there is an isomorphism 
of line bundles y Q : At L Q = L l IE1 Lq which in local coordinates is given by the 
isomorphism A* pu ^L l = L l IE1L;. The bundle Q gives rise to a new P[/(nZ)-space 
P Q :=Q 

x pc/(n)xPt/(;) PU(nl] and a new vector bundle 

£ Q := (nlE ® L" 1 ) x P£7(n)xPI70) PU(nZ) - P Q . 

Proposition 1.7. XTie vector bundle E Q forms a projective bundle. The required 
isomorphism j e q : A* Q E Q — » L" 1 <g> E Q is obtained from the equation 

Furthermore, whenever Q — » P is a PU(n)-invariant principal U(l)-bundle, stabi- 
lization of projective bundles defines an equivalence 

C Q : Proj{P) A Proj(P Q ). 

If / : P — » P' is an equivariant mapping of P!7(n)-spaces and £ — » P' is a projective 
bundle then f*E equipped with the isomorphism f*y E is clearly a projective bundle 
on P. Projective bundles may also be pulled back along P[/(oo)-morphisms: if 
(/,Q, Q') is a morphism from P to P' , we can define its P[/(oo)-pullback f^E := 
C ( y 1 /*(£ Q ) which is a projective bundle over P' . 

Proposition 1.8. If f : P — » PU{n) xX is an equivariant homemorphism, E — » P 
is a projective vector bundle, and Sf : X — » P denotes the section s^(x) := 1), 
£/ien y £ defines an isomorphism E = f*(L~ l Bs^£) = /^E w/ien viewing f as the 
PU{oo)-morphisms (f,P,U(_n) xX). 

Proof. If (x,p) eX x Pt/(n), then 

defines the sought after isomorphism of vector bundles. □ 

Convention. Henceforth, all PU{oo)-morphisms are assumed to be equivariant as 
all involved operations constructed from a PU^oo)- morphism depend naturally on 
its components. 

2. Projective K-theory 

Before discussing K-homology, we recall some notions in K-theory. As in Atiyah's 
original definition of topological K"-thcory, we will use elliptic complexes. A pro- 
jective elliptic complex over a locally compact P[/(fc)-spacc P is a triple {E l ,E 2 , cr) 
where E x and E 2 are projective bundles such that a : E x — * E 2 is a morphism of 
projective bundles which is an isomorphism outside a compact subset. 

A morphism of projective elliptic complexes (E 1 ,E 2 ,cr') an d {E'^E'^o') is a pair 
of morphisms E 1 — > E^ and E 2 —> E' 2 that intertwines a with a' . Composition of 
morphisms is given by the obvious operation and an isomorphism of projective 
elliptic complexes is an invertible morphism. A projective elliptic complex of the 
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form (E,E, id £ ) is called an elementary projective elliptic complex. The sum of two 
projective elliptic complexes [E 1 ,E 2 , cr) and [E[,E' 2 ,<j') is defined by 

(Ei, E 2 , cr) + {E[,E' 2 , cr') := (E x E[, E 2 cr a'). 

If / : P — > P' is a proper PC(k)-equivariant and {E 1 ,E 2 , cr) is a projective elliptic 
complex over P', we define the pulled back projective elliptic complex along / by 

/*(Ei,E 2 ,cr) := (J*E 1 ,f*E 2 ,f*a). 

If P is a principal P[/(k)-bundle, we let K pro j(P) denote the group of isomorphism 
classes of projective elliptic complexes over P modulo the elementary complexes. 
The higher projective K-groups are defined by K pro -{P) := K pro -(P x R'). Observe 

that if P is compact, K pro -{P) is the Grothendieck group of isomorphism classes of 
projective bundles. The proof of the next Proposition is the same as in the ordinary 
setting. 

Proposition 2.1. Projective K-theory is a contra variant functor on the category 
of principal PU{k)-bundles that satisfies Bott periodicity K' pro -[P) =K l p ^j{P). 

The main reason for introducing projective bundles is the relation with twisted 
K-theory. This relation is explained in Section 1.3 of [53]. We include it for the 
sake of completeness. With a principal P[/(rc)-bundle P —>X there is an associated 
Azumaya bundle on X defined via j4 = jtf(P) := P x pu(„) M n (<D). Recall that an 
Azumaya bundle is a bundle of simple matrix algebras. A vector bundle E — » X with 
a fiberwise action of j4 will be called an j?/-module. By the Serre-Swan theorem 
there is a one-to-one correspondence between j?/-modulcs that trivializes at infinity 
and projective finitely generated C {X, j?/)-modules. 

If E is an ^-module, we can choose a cover (t/ ; ) of X over which P and E 
trivializes. Since E is trivializable over [/ ; there is a vector bundle E, — > [/; such 
that as j4 \ v -modules E\ v = E ; ® j4\u. . Since E is a vector bundle there are vector 
bundle mappings G i; - : E ; - — > E i defined over U t j and they satisfy the weak cocycle 
condition 

(2) 9ijk G ij G jk = G ik 011 u ijk- 

Equation can be taken as a definition for the [/(l)-valued Cech 2-cocycle (0;^). 
It is clear from the construction of the Bockstein mapping that the cohomology 
class of C^ijfc) coincides with 5(P) under the isomorphism H 3 (X, %) = H 2 (X, t/(l)). 
In [53], the collection (E^Gij) is called a projective vector bundle data. 

Theorem 2.2. If P is a principal PU(k)-bundle there is a natural isomorphism 
L P :K* proj (P)^K,{C ((X,^(P))). 

We will prove this in the case that P is compact. The general case follows from 
the proof of the compact case we give below but is notationally more complicated. 

Proof. The theorem follows if we prove that there is a one-to-one correspondence 
between projective bundles on P and j</-modulcs. If E is an j</-module we choose 
a cover ([/,) as above and trivializations / ; : P\ Vi — > PU{n) x U i with associated 
transition functions We define the vector bundle E ; — > P\ v . by /^(L" 1 HE ; ) and 
the morphism of vector bundles Gy : P\u tj — * Horn (E^E;) from the diagram: 

E, Ej 

ft] /;" ■ 

L-^E,. > L- l ®Ej 



8 



ROBIN J. DEELEY, MAGNUS GOFFENG 



On triple intersections: 

G l} G }k /.(id, H G i} )(jr l ff*{iA L -, H G jk ){f-'T = 

=/;(/r 1 )7/(id i - 1 sG !; )(/- 1 )7;(id i - 1 kg^x/- 1 )*/^/- 1 )* = 

=/;c% fc ^G l7 G J . fc )(/r 1 )*=G ifc . 

Therefore £ ; glues together to a vector bundle E — > P. We define the isomorphism 
7; : Ap£j — > L" 1 by pulling back 

Ymrr 1 ® : m DW .I" 1 BE, = L" 1 Kl L" 1 K £, . 

' Pt/(n) fi i PU{n) n 1 n n 1 

It is clear that fx is associative and that G^jj = 7;Gy. Thus we can glue together 
the Ji'-S to an isomorphism Ye '■ ApE — > L~ l E3E. 

We will only sketch the converse. Assume that we are given a projective bundle 
E —* P. By Proposition 11.81 there are vector bundles E { — » [/; such that E\ ?u = 

f*{L~ l M E ; ), with the isomorphism depending on Je- A calculation similar to 
that above implies that E ; ® glues together to a vector bundle on X and the 
j4 I u -module structure in each chart glues together as well. □ 

In this paper, infinite-dimensional Azumaya bundles will also be of interest. 
They come from principal P!7(J^f)-bundles for a fixed separable infinite-dimensional 
Hilbcrt space Jtff. Motivated by Theorem 12.21 we will identify the two invariants 
K* ro -{P) with K^C (X, j4(P))) and use the notation K* ro -{P) also for a general 
P [/(^-bundle. 

Proposition 2.3. 7/Q— >P is a PU(n)-invariant principal U(l)-bundle, V; denotes 
the fundamental representation ofU(l) and V;(Q) — *X the associated vector bundle, 
there is a natural isomorphism 

j^(P q ) = j4{P~) ® End(V;(Q)). 

Furthermore, under this isomorphism i p q(E q ) = t P (E) ® V ; (Q). 

Proof. The statement follows by observing that 

j*(pQ) = pQ x PU(nl) M„,(C) S Q x PU(n)xU{;) (M n (C) ® M,(C)) 3 j*(P) ® End(Vi(Q)). 

□ 

2.1. Cup products of projective bundles. If P — >X is a principal P[/(n)-bundlc 
and P' — » X is a principal P[/(n')-bundle, then their product (which is a principal 
Pt/(nn')-bundlc) is defined via 

PP' := (P x x P') x pu[n)xPU[nl) PU{nn'-) - X. 

It is straightforward to verify that PP' = P'P as principal P[/(nn')-bundles. There 
is a PU{ri) x P[/(n')-equivariant embedding of manifolds j PP / : P x x P' PP' and 

App'\PU(n)xPU(n')xPP' ° (.^PU(n)xPU(_n') X jp,P') = jp.P' ° ( A P X X ^p0> 

where we identify PU{n) x Pt/(n') with its image in PL/(nn')- 

If E is a projective bundle over P and £' a projective bundle over P', the tensor 
product E ® E' — * PP' is as a bundle determined by the equation 

j; pl {E®E') = E® x E' 

and the mapping Yese' '■ A Pp ,(E ® E') — » L , (£ ® E') is determined by using that 
L nn'lpi/( n )xpi/(n') = L n 8 !„' and defining 

° (r* x x Te') : A P E ® x A* p ,E' ^ L" 1 g L", 1 H (E % E'), 
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where 

a Efi , : (L" 1 H E) ® x (IT, 1 H £') - L" 1 H IT, 1 H (E % *0 

is constructed simply by permutation of the fibers. 

An important special case occurs when P' =X, then E®E' = E®npE' where the 
tensor product on the right hand side is simply the tensor product of vector bundles 
on P and Ye®e' = Ye® ^u'e'- More generally, if P' is trivializable, every projective 
bundle on P' is of the form (7r P /)^E for some vector bundle E —>X by Proposition 
11.81 Here the pullback is as a stable mapping. In this case, E® tc*,E is in fact only 
the stable pullback of E ® x E from P to PP' , the same is true if 5(P') = 0. 

Lemma 2.4. The tensor product of projective bundles over principal bundles in- 
duces a bilinear mapping 

The tensor product is associative on triple tensor products. Finally, there is a 
natural isomorphism 

j4{PP') = j4{P)® x j4{P') 

making the natural transformation i p multiplicative when equipping twisted K -theory 
with the usual cup product. 

Proof. Since the tensor product is a biadditivc and associative operation on the 
semigroup of projective bundles, the universal property of K-groups implies that 
the same properties holds for projective K"-thcory. That i P is multiplicative under 
the tensor product follows from the simple reason that 

PP' x PU(nn/) M nn ,(C) = (P x x P>) x P „ WxP[f( „,) M nn ,(€) = 

S (P x PUM M„(C)) ® x {?' x PUin>) M„,(C)) 

and these isomorphisms commute with the construction of i P . □ 

2.2. Push forwards. In this subsection, the push forward of a projective bundle 
will be considered using the map i P and the approach in |10j . Smooth principal 
Pt/(J^f)-bundlcs over a manifold with boundary are the objects of interest here. To 
simplify notation we will assume that the manifold X is even-dimensional, this can 
always be attained after taking cartesian product with S . 

To construct the push forward, we will use the frame bundle Fr(X) —> X of an 
oriented m-dimensional manifold which is the SO(m)-principal bundle of oriented 
frames on T*X. The group Spin[m) acts irreducibly on the space of spinors S m via 
the complex spin representation. The space of complex spinors is 2 m -dimensional. 
The spin-group forms a two-fold cover of SO(m). Thus we obtain a projective 
representation SO(m) -» PLf(2 m ). Let 

Pr(X):=FrpQx S0(m) P[/(2 m ) and P:=Pr(X)-P 

We use the notation (DZ(X) for the complex Clifford algebra bundle overX. One has 
that €l(X) = jJ{Pr{X)) and 5(Pr(X)) = W 3 (X), the third integral Stiefel- Whitney 
class. A choice of spin c -structure on X is a lift of Fr(X) to a Spin c (m)-bundle. This 
in turn produces a vector bundle S x —>X and an isomorphism <Cl(X) = End(S x ). 

Proposition 2.5. There is a natural isomorphism of Azumaya bundles 

A P : jtf(P)^jtf(P)®<El(X). 

In particular, a choice of spin c -structure on X induces an isomorphism 

l P :K* [P)^K* .(P). 

r Pro) v J P r0 J 
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This proposition follows directly from Lemma [53] and the fact that the bundle S x 
associated with a spin c -structure produces a Morita equivalence jtf(P) ~ M J^[P)® 

ofx). 

Definition 2.6. If f : P — > P is a smooth proper equivariant mapping, we define 
the push forward 

/, :K* .(P)-»JC* .(P') 

^ ! pro; P r0 J 

&?/ declaring the following diagram to be commutative 

K* (P) — ^— ► .(£') 



^(C(X, ^(P) ® <DZ(X))) — ^— K^CCCX', ^(P') ® <DZ(X'))> 



PD y 



r(c (rw(p))) — ^ k*(c (x'°,^(pO)) 

Our definition of push forward differs from the construction of push-forwards of 
[TP] in a very subtle maner. This difference might at first seem trivial but plays 
a rather important role, for instance for the fractional index. We are considering 
equivariant mappings / : P — * P' which in regards to K"-theory contains two equally 
important pieces of information: the proper mapping on the base f : X — > X' and 
an isomorphism of P!7(J^f)-bundles tyf : P = f*P'. The difference between our 
construction and the one in |10j is that they work only with the mapping f on the 
base which indeed induces a push-forward: 

Cf ), : K*(C(X, j*(fP') ® <DZ(X))) A K.(C(X', jt{P') ® <DZ(X')))- 

Using all the data encoded in an equivariant mapping / . the push- forward of Def- 
inition 12.61 along / can be recovered from the push-forward of [TU] along the base 
by 

f\ :=Cfo)i*/- 

The construction of the push-forward in jlOj uses the fact that the mapping on 
the base / can be factored over the zero section of a vector bundle, an embedding 
of an open subset and a trivial sphere bundle. Finally, the push-forward is defined 
on the factors separately. Let us explain what happens if P' is a vector bundle over 
P and : P — » P' denotes the zero section. By assumption P = 0*P', * = id and 

o,:ic; roj .(p)-ic; ro .(n 

is conjugate via i P to the twisted Thorn isomorphism K*(C(X,j#(P) ® (DZ(X))) — > 
K*(C(X', jrf{P') ® <Cl{X')J). Furthermore, if / : P -» P' is an embedding of spin c - 
Pt/(Zc)-spaces then f, : K* ro .[P) — » K* ro j{P') is the composition of the Thorn iso- 
morphism 0i : K* r0 j{P) —* K* ro j(Nf) onto the horizontal normal bundle of / and 
extension by 0. The following Lemma is a direct consequence of the naturality of 
Poincare duality: 



Lemma 2.7. Push forward commutes with pullback in the sense that if 
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commutes then the following diagram also commutes: 

K* (P') — » K* (P) 

pro j v J P ro J 



K * r P >") — : — > K * ( P ") 

2.3. Example: Roots of line bundles. As an example of how to construct a prin- 
cipal P[/(n)-bundlc we will use the exponential mapping H 2 (Z,(Q) — > H 2 (X, [/(l)); 
we let t/(l) and R denote the constant sheafs. Observe that the Dixmier-Duoady 
class of such a principal bundle is as the mapping H 2 (X, U(Y)) — > H 3 (X, %) vanishes 
on the image of H 2 (X,R) H 2 (X, i7(i) ). 

Let to e H 2 (X, Q) and assume that we have chosen a Cech cocycle (o> a/3r ) on a 
good cover (U a ) representing it. There is an N e N such that Nco is in the image 
of H 2 (X, %) — > H 2 (X,Q). In particular, there is a cochain (u a p) e C 1 ((!7 a ), R) such 
that (e iu *P)<EZ 1 {{U a ),U(l~)~) and 

(3) e i"^ r = e K u »/3 +u ft- u r«). 

If N is large enough, we can find a cochain {c a p) e C 1 ((Lf a ), U(N)) such that 

c ap c pr c ra = e^+u, r+ u ja )_ 

Let us fix such a cochain (c a ^) and let P u denote the principal P[/(iV)- bundle as- 
sociated with the PJ7(JV)-cocycle (c aj3 mod We will also let — > X denote 
the line bundle associated with the cocycle (e lu "f). 

Proposition 2.8. If is the line bundle constructed in the previous paragraph, 
then c l (L N J = Nco. 

Proof. This is clear from equation □ 

Proposition 2.9. There is a projective line bundle L„ — > P u associated with the 
cochain (u a p) €E C 1 ((U ct ),R) such that 

(1) {LJ N is the lift ofLl toP%. 

(2) The mapping K*(X) 3 E — > E ® e IT^-fP^) is an isomorphism. 

Proof. We define the projective line bundle L w —* P bJ by gluing together the line 
bundles U a x L N — > U a x PU(N) along the 2-cocycle 

c aj3 exp j = ^OO- 

It is clear that the local isomorphism y aL : U a x A*L N —* U a x L N ^L N glues together 
to a global isomorphism 

Tl ■ K a L co ->L a ML N 
satisfying the associativity condition. 

That — ® L„ gives an isomorphism follows from the fact that, if E — » P u is a 
projective bundle, then the vector bundle E ® L* descends to a vector bundle on 
M. □ 

Proposition 2.10. 7/coeH 2 (X,(Q) tfien the folio wing diagram commutes: 

K * m K* proj (Pj 

K R (X) H* dR (X) 
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Proof. By Proposition [2H (LJ N = n* p and by Proposition ch [L*] = e N ". 
In particular, 

ch Pa> [Lj= V^=e". 
The proposition follows from the multiplicativity of the Chern character. □ 

3. Projective K-homology 

In this section, wc define the projective cycles. They can be seen as an analogue 
of simplicial homology in twisted K"-homology. A projective cycle, which is a build- 
ing block in this homology theory, can be seen as locally capturing the projective 
structure of the P!7(J^f)-space. 

Definition 3.1 (Projective cycles) . LetP be a principal PU(M')-bundle or aPU{n)- 
space. We define a projective cycle (M,E,p>) over P as a closed spin c manifold M 
with a free smooth spin -preserving PU(k)- action, E — » M a projective bundle and 
p> : M — » P a stable morphism. 

Even though the rank of a P!7(n)-bundle is irrelevant for our purposes, we shall 
try to distinguish the notation between the rank of the fixed bundle P and that 
of the cycles M, they will be denoted by n and k respectively. An isomorphism 
of two projective cycles (M, E,tp) and (M',E',p') is a pair (/o,/i) where / is a 
stable P[/(oo)-diffcomorphism M — » M' (recall Definition II that preserves spin c - 
structures, ip = <p' o f (composition in the sense of stable morphisms) and f x is 
an isomorphism fn^E' — > E. These cycles have the same natural operations as 
geometric cycles (see [4]), e.g. disjoint union. 

More generally, one can consider projective cycles {M,E, ip) where E <E K° ro -{M). 
We will not dwell on this since after we quotient out by the direct sum/disjoint 
union relation these new cycles appear on their own. 

Proposition 3.2. If (M,E,<p) is a projective cycle then <p is a lift of a mapping 
p : M/PU(k) ->X such that ip*5(P) = 5(M) in H 3 (M /PU{k~),7L) and an explicit 
homotopy between tf*5(P) and 5(M) can be constructed from ip. 

A direct consequence of the two-out-of-three lemma for spin c -structures is that 
if V — » Y is an even-dimensional spin c -vector bundle over a manifold Y and Y v ° 
denotes the sphere bundle of V © 1^, a spin'-structure on Y induces one on Y v °. 
If V has a spin c -structure, there is a fiberwise Bott class f5 Vo e K°(Y V °). The case 
of interest to us is Y = M/PU(k). Let n M : M — > M/PU(k) denote the projection 
and define V := tz* m V . The projection mapping 7i y v : M v — » Y v ° is a principal 
P!7(fc)-bundle that respects the spin c -structures. Let n M v : M v — » M denote the 
projection mapping. 

Definition 3.3 (Vector bundle modification). If(M,E,<p) is a projective cycle over 
P and V = n* M V where V — >M/P!7(fc) is an even- dimensional spin € -vector bundle, 
the projective cycle vector bundle modified by V from {M,E,<p} is 

(M, E, <pf := {M v , 7i* MV E ® n* YVo fi Vo , p o n M v). 

If (W, E, ip) is a triple that satisfies all the conditions on a projective cycle except 
that W has a boundary, we say that the projective cycle (dW,E\ gw ,ip\ gw ) is null- 
bordant and call (W,E,ip) a projective bordism. 

Definition 3.4. We define JCf r0J (P) as the group of isomorphism class of projec- 
tive cycles modulo the equivalence relation generated by disjoint union/direct sum, 
bordism and vector bundle modification. 
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The set Kl r0> {P) is in fact a group; the inverse of {M,E, tp) is given by —{M,E, ip) := 
(— M, E,tp), where — M denotes M with the opposite spin c -structure. The group 
K^ r0} [P) is a S/2/Z-graded group where the degree of a cycle {M,E, ip) is the dimen- 
sion of (the connected components of) M/PU(k). 

3.1. The projective analytic assembly mapping. If (M, is a projec- 
tive cycle, and M has a P[/(fc)-action, we can consider the fundamental class 
[M/PU{k)} e K*(C(M/P[/(fc))) and define the twisted cap product [M/PU(k)] n 
i P [E] e K*{C(M /PU(k), jrf{M))). By definition, the stably equivariant mapping 
ip does, up to a stabilization by the endomorphisms of a specified vector bundle, 
satisfy that ip*jrf(P) = j4{M). The pullback along the base ip^P does not equal M 
so one really uses the equivariance of ip. In particular, 

KM,E,<p) := ip*([M/PU(k)]ni M [E])<=K*(.C (X,jtf(.Pm 

is well defined as a mapping from projective cycles. Observe that if P — > X is smooth 
and oriented, then by definition (j(M,E,i^) = [X] n pi [E]. To streamline notation, 
let (P) :=K*tC (X,jtf{P))). 

Proposition 3.5. The mapping \i induces a well defined and natural mapping 

pi:KP'°KP)^K ! \P). 

Proof. We need to show that jU respects the three equivalence relations in K^ r01 . 
It is clear that \i respects direct sum/disjoint union. If we vector bundle modify a 
cycle (M,E,f) along V, the modified cycle can be realized as (M v ,s,E,f o n) where 
s : M — » M v denotes the south pole mapping. But 7ios = id M and naturality implies 
that 

M(M v ,s,£,/ o n ) = f,n,{[M v /PU{k)} n i M rs, [£]) = 

= /,7T A ([M/PU(fc)] n i M [E]) = KM.EJ). 

To prove that the assembly mapping respects bordism, assume that (W,E,ip) is 
a projective cycle with boundary. Let i : 3W <— > W denote the embedding. Let 
d : K t (W°/PU(k)) -> K*+i( 9 W /PU{kJ) denote the boundary mapping. It is well- 
known that d[W°/PU(k)] = [dW/PU(k)], sec for instance Theorem 4.7 of 0. 
Thus 

lx{dW,E\ dw ,y\ m ) : = (r W/PUCfc)] n L dw [E\ gw ]) = 

= <p m o f, o 3([W /P[/(fc)] n t w [£]) = 0, 
as i* o 3 = 0. □ 

The map /x is called the projective analytic assembly mapping; it is the main 
object of study in this section. 

Theorem 3.6. If P is a principal PU{ri)-bundle over a finite CW -complex the 
projective analytic assembly mapping is an isomorphism. 

The proof of Theorem 13.61 is very similar to that of Theorem 3.11 of [BJ. The 
similarity comes from the fact that [BJ deals with equivariant geometric ^-homology 
and the geometric properties of the manifold part of the cycles are very similar. The 
difference in the vector bundles that comes from the extra structure ([I} (see page 
H|) does not matter since the isomorphism t P allows us to transfer the projective 
bundles to twisted .fC-theory where one has a similar toolbox with push-forwards 
and Poincare duality. The details of the proof will occupy the remainder of this 
section. 

Lemma 3.7. There is a PU(n)-invariant retraction P —> N — > P into a spin c 
PU(n) -principal bundle N . 
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Proof. Based on the proof of Lemma 2.1 of [5J, there is a P[/(n)-equivariant embed- 
ding of P into a complex P[/(n)-representation W and for a small enough PU{n)- 
invariant neighborhood U of P there is a retraction U — » P. Furthermore, there is a 
V C U that is a P!7(n)-invariant manifold with boundary. We let N denote the dou- 
ble of V, j : P — » JV the obvious embedding and p : JV — » P the fold map composed 
with U — * P. The spin c structure on N comes from the complex structure on W so 
it is compatible with the Pl/(n)-action. Since P is compact, we can assume that U 
is small enough so that d(!7, (W^ r ) c ) > by Proposition II. 21 so the P!7(n)-action on 
U is free. Thus JV is a principal P£/(n)-bundlc by the Slice Theorem. □ 

This lemma allows us to define the mapping [3 : K*(C (X,j4{P))) — > K% ro] (P) by 

P(x):=[N,PD N Ux),p]. 

Proposition 3.8. The mapping /3 is well defined and natural. 

This is obvious for a fixed retract of P. The proof that /i, is an isomorphism 
will consist of a proof that [3 is its inverse. From which, it will follow that f3 is 
independent of the retract. 

Lemma 3.9. // {M,E,f oh) is a projective cycle such that h: M — » N is a PU{n)- 

equivariant inclusion of spin c -manifolds with normal bundle v , the vector bundle 
modification of [M,E,f oh) along (D©v is bordant to the vector bundle modification 
of(N,h,E,f) along (D. 

We will not prove Lemma 13.91 since the proof is the same as that of Theorem 4.1 
in [6] mutatis mutandis; the same bordism can be used due to Lemma 12.71 

Lemma 3.10. If P is a principal spin -PU{n)-bundle and {M,E,f) is a projective 
cycle over P , 

[M,E,f] = [PJ,E, id]. 

The proof is mutatis mutandis the same as the final paragraphs of Section 4 of 
[B] but since there is a small difference in the cycles, we include a sketch of this 
proof. 

Proof. After stabilization, using the data contained in ip , we can assume that M is 
a PU{n)- bundle. Choose a P[/(rc)-equivariant embedding j : M — > V into a complex 
P!7(n)-representation V. Let V + denote the sphere in V x R and pr p : P x V + — > P 
the projection onto the first coordinate. The mapping h := / x j : M — » P x V + is 
a P[/(n)-equivariant embedding and pr p o h = f . The subtle difference to Section 4 
of [5J is the requirement that the PJ7(n)-action on P x V + is free; this is of course 
true since the action on P is free. The embedding j is nomotopic to the south pole 
mapping c : M — » V + so h, = (/ x c), . Using the functoriality of push forwards and 
Lemma 13.91 

[P.fiE, id P ] = [P,/,£,pr p o(id P x c)] = [P,(id P x c),/,£,pr P ] = 
= [P.M.pr,] = [M,£,pr p oh] = [M,E,f]. 

□ 

Proof of Theorem \3.b\ We will prove the claim that (5 is an inverse to fi. By natu- 
rality, we can assume that P is a P[/(n)-spin c -manifold. By Lemma T3.101 we have 
that 

Pn[M,E,f] =j8([X]n/,[£])= [P, /,[£], id] = [M,E,f]. 
It follows that /i is injective with right inverse f5. Finally, we observe that Poincare 
duality implies that \i is surjective. So is a bijection and the uniqueness of inverses 
implies that j3 also forms a left inverse to /i. □ 
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Our method of proof that [i is an isomorphism breaks down whenever the 
Dixmier-Duoady invariant is non-torsion. A similar type of result for non-torsion 
Dixmier-Duoady invariants that concerns the assembly in twisted geometric K- 
homology can be found in |28j : we discuss it below. In this case, one uses homotopy 
theoretic methods. Another approach, which can be found in [3J, is to allow for 
general twisted K-theory data in the cycles. For the cycles in [3J, the proof above 
goes through in the non-torsion case. In the case of non-torsion twist, it is unclear 
if the assembly mapping on projective cycles is an isomorphism. Despite this we 
will now give a class of examples of non-torsion Dixmier-Duoady invariant where it 
is surjective. 

4. Examples 

4.1. T-duality and projective cycles. A very direct way to construct projective 
cycles is on the T-dual of a circle bundle. Wc will take a C*-algebraic approach to 
T-duality. For a general overview of T-duality, see |2S]. Let us describe T-duality 
briefly; if P —* Z is a principal P[/(J^f)-bundlc and n : Z — > X is a principal circle 
bundle there is a T-dual principal PU{3tf <S> L 2 (S 1 ))-bundle P T -» Z T on the T-dual 
principal circle bundle n T : Z T —>X and these satisfy the conditions 

n f 5(P) = Cl {Z T ), nl5{P T ) = c l {Z) and K*(C(Z, j*(P))) ^ K, +1 {C(Z T , j#{P t ))). 

In the C*-algebraic approach, one lifts the fiberwise R-action on the circle bundle 
Z to an R-action on C{Z,j^{Py), see Lemma 7.5 of [35] ■ The crossed product 
C{Z,j4{Py) x R turns out to be a continuous trace algebra and one defines Z T and 
P T by 

C{Z T , ^(P r )) := C{Z, jf{P)) x R. 

The reason that T-duality shifts JC-thcory is the Conncs-Thom isomorphism (see 
for example [H]). If A is an R— C*-algcbra with R-action a there is an associated 
short exact sequence of R — C*-algebras 

- C ((0, 1), A) - C„( [0, 1), A) - A - 0, 

where the R-action on A is trivial and on C ([0, 1),A) the R-action is defined by 
s '/CO := a st(/(0)- Since R is nuclear, crossed product by R is an exact functor. 
Using that C ((0, 1),A) x R = C (R) ® A x R we arrive at the short exact sequence 
of C*-algcbras 

(4) -> C (R) <g> A x R -> C ( [0, 1), A) x R C (R) ® A -» 0. 

This produces the Connes- Thorn class a CT e KK 1 (A,A»]R). Similarly, using Takesaki- 
Takai duality AxRxR=A®J*T one can construct a~\ e KK l {A X R,A). The 
Connes-Thom isomorphisms on JC-theory and K"-homology comes from the follow- 
ing Kasparov products: 

- ® a CT : K*(A) ^* iC* +1 (A X R) and a cr <g> — : K*(A xE)-< K* +1 (A). 

Observe that if A= C(Z) and Z —>X is a circle bundle, the short exact sequence (j4]) 
is C(X)-lincar. Especially, the Connes-Thom isomorphisms arc K*(X)-linear. 

We will construct projective cycles on the T-dual of a circle bundle n z : Z — » X 
with P = Z. The crossed product C(Z) x R is a continuous trace algebra with 
spectrum Z r = X x S 1 . Let us be a bit more precise and from an open subset 
!/CX,a trivialization g : tz^^U) —> U xS 1 and a 8 e S 1 construct an isomorphism 

g* : ^(P r )| g -i ([/xS i\ { e o() = U x S 1 \ {0 O } x ^(L^S 1 )). 
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The space C C {U x S 1 x R) can (via g) be identified with a dense subset of all sections 
g~ l {U x S 1 ) -» j?/(P r ) vanishing at the boundary. If e R/Z = S 1 we define 

f 1 

jf? e :={/ :R^C: /(t + 1) = e 2nie /(0, |/| 2 df <oo}. 

Jo 

It is clear that restriction to [0,1) and periodic extension provides an isomorphism 
= L 2 (S 1 ). Now for any (x, 0) e U x S 1 we have a mapping 7i( Xi e) : j</(P t ) -> 
J^T(Jtg) defined by means of the representation 

n^ e) : C e (U x S 1 x R) -» JT(J^), n (3t>e) (a)/(t) := o(x, t, t - r)/(r)dr. 

This construction shows that a choice of a trivializations of Z on a cover of X 
produces trivializations of P T on the same cover of X. 

Proposition 4.1. Assume that ip : M — > Z is a continuous mapping to the total 
space of a circle bundle n z : Z — * X. We let (p : M x S 1 — » Z denote the equi- 
variant mapping (p{m, 6) := 6 • tp(m). XTie crossed product construction produces a 
PU(L 2 (S 1 ))-equivariant mapping (p : M x S 1 x PU{L 2 {S 1 )) -> P r u/Aicft /ifs info f/ie 
commutative diagram 

M x S 1 x PirpT) — ^— » P r 



MxS — — > IxS 1 

Proof. As t/> is R-cquivariant it induces a *-homomorphism 

ip*xl:C(Z) x R — > C(M x S 1 ) x R = C(M x S 1 , JT(L 2 (S 1 ))). 

This gives the PLf(L 2 (S 1 ))-cquivariant mapping ^ : M x S 1 x Pt/(L 2 (S 1 )) -» P T . 
It remains to prove that the mapping on the base is n z tp x id. If we identify 
(m, 0) e M x S 1 with the representative 7T( m e) for the class of (m, 0) in the spectrum 
of C(M x S 1 ) x R, we must show that 

where the right hand side is defined using some choice of trivialization for Z around 
x. The last equation now follows from a straight- forward calculation using this 
trivialization. □ 

Definition 4.2 (The projective T-dual of geometric cycle on circle bundle). If 
{M,E,<p} is a geometric cycle on the total space of a circle bundle Z — > X we define 
its projective T-dual cycle {M,E, ip) x R on P T by 

(M,£,(^)xR:=(M xS 1 ,^,^), 

where we identify E with its pullback to M x S 1 and (p : M x S 1 x P[/(L 2 (S 1 )) —> P T 
denotes the mapping of Proposition \4-l\ 



Proposition 4.3. If Z — » X is a circle bundle T -duality produces a well defined 
monomorphism xR : Kf C0 (Z) — » K% rol (P T ) that commutes with assembly mappings. 
That is, the diagram 

Kl e °(Z) Ki roi (P T ) 



commutes. In particular, for flat Z this mapping is an isomorphism. 
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Proof. That XlR is well defined is clear as it maps disjoint union to disjoint union, 
a vector bundle modification to a vector bundle modification and a bordism to a 
bordism. 

There is an isomorphism K l {M x S 1 ) = K°{M) K l {M) for i = 0, 1. Under these 
isomorphisms the Connes-Thom isomorphism is conjugate to a natural K"*(M)-linear 
automorphism of K*{M)®7Z? . A consequence of this is that if E is the pullback of a 
vector bundle on M, [E] <g> ct cr = i, [£] where i : M — » M x S 1 denotes embedding in 
the first factor. This fact follows as naturality reduces the calculation to computing 
the Connes-Thom isomorphism for S . 

We are now ready to compare /i p o xiR with a"* o /i, z . If (M, E, if) is a geometric 
cycle on Z, the consideration in the previous paragraph implies 

//' ((M,E, i/))Xl) = &([M x S 1 ] n [£]) = ^ o a~J([M x S 1 ] n i, [£]) = 

= 0, o a -\ o i,([M] n [£]) = a~l o 0, o i,([M] n [£]) = 

= o <^([M] n [£]) = a"Jo/([M] n [£]). 

Here we use the naturality of the Connes-Thom mapping in the second row. □ 

Corollary 4.4. If Z —> X is a circle bundle with T-dual P!7(L 2 (S 1 )) -bundle P T —* 
X x S 1 , the projective assembly mapping fx : K* roi [P T ) — » K° n (P T ) is a surjection. 

When X is smooth, this is an instance of a more general result, see Corollary [53) 

4.2. Clutching construction for projective pseudo-differential operators. 

The main motivation for introducing projective cycles is to obtain a geometric 
framework for dealing with the fractional indices of projective pseudo-differential 
operators. We will return to the subject of fractional indices later in the paper. In 
this subsection, we will very briefly recall projective pseudo-differential operators 
and show how an elliptic ditto fits into a projective cycle. The projective pseudo- 
differential operators can only be defined for a principal PJ7(n)-bundle. The reason 
is that if the twist is not torsion, there is an obstruction to deforming the associated 
Azumaya bundle (for more details see [9])- 

To introduce projective pseudo-differential operators over P one needs an ex- 
tension of j4{P) to a neighborhood of the diagonal ACXxI equipped with a 
multiplication mapping 

(5) ■*W\x,y) X ^CP)(y, Z ) -» 

for any x,y, z such that all these pair of points lies in this neighborhood. Such an 
extension can be constructed if P is a principal P[/(n)-bundle, see Proposition 4 of 
[23] . A projective pseudo-differential operator is a distribution with values in this 
extension that is polyhomogcneous conormal to the diagonal. Composition of two 
projective pseudo-differential operators is defined using (|5|) if the distributions are 
supported in small enough neighborhoods of the diagonal. The space of classical 
projective pseudo-differential operators between two projective bundles £j and E 2 
over P is denoted by ty*{P;E 1 ,E 2 ), we will in the notation suppress the dependence 
on the neighborhood and always assume that compositions are defined. 

An example of a projective pseudo-differential operator is the projective Dirac 
operator of an oriented manifold X. This is a projective operator over Pr(X) := 
Fr{X) x S0 ( n ) PL r (2 m )-the projective frames on X. 

Let T^P denote the pullback of the cotangent bundle T*X — » X to P and S* L P 
denote the pullback of the cosphere bundle S*X — » X up to P. With any A e 
^*(P;E 1 ,E 2 ), there is an associated symbol a{A) e C°°[S* ± P, 7r*Hom {E l ,E 2 )). Such 
an A is elliptic if and only if a(A) e C°°(,S* ± P, lso[n*E 1 , 7i*E 2 )). If A is elliptic, we can 
perform a clutching construction to associate a projective cycle with A. 
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Let 7T : P —* X and n 1 : B* ± P —* P denote the projection mappings. Observe that 
T*P = Tt*T*X © pu(n)*, where pu(n) denotes the Lie algebra of PU(n), since the 
P!7(n)-action on P is free. We have that 

T*B* P © pu(n) = T*{T*P)\b 1p , 

and this isomorphism produces a P!7(n)-invariant spin c -structurc, coming from the 
stably almost complex structure on T*P and pu(rc)*. 

Definition 4.5. The clutching construction of an elliptic classical projective pseudo- 
differential operator A is defined as the projective cycle on P given by 

cZ(A):=(S(r*P©l),E A ,^), 

where: 

(1) We identify S(T^P © 1) with two copies of B*^P glued together along S^P, 
and give S(T^P © 1) the spin -structure from this identification. 

(2) We define the vector bundle E A — » SfT^-Pffil) by gluing together 7Z*Ei — > B* ± P 
with 7i*E 2 — > B±P along S^P using cr(A). 

(3) We let ip : S{T^P © 1) — » P denote the projection mapping. 

Proposition 4.6. Assume that P is a principal PU(n)-bundle. The clutching con- 
struction produces a well defined mapping 

c:K* proj {T* ± P)^Kr } iPl 

Proof. It is clear that the clutching construction respects isomorphisms. Further- 
more, an elementary projective elliptic complex {E, E, id) is mapped to the boundary 
3(B(T^P © 1), <p*E, ip), where we abuse notation and let if : B(T^P © 1) — » P denote 
the projection mapping. □ 

Theorem 4.7. Assume that P is a principal PU{ri)-bundle. The clutching con- 
struction fits into the commutative diagram where all maps are isomorphisms: 




In particular, c is an isomorphism. 

Proof. Recall that Op is defined in Section 3 of [TS]. The proof follows from Kas- 
parov's index theorem (Theorem 5 of [12] ) and Poincare duality. □ 

5. Twisted geometric K- homology 

There is also a relationship between projective and twisted geometric K"-homology. 
Twisted geometric cycles are defined in the more general setting of a principal 
PU(3tf)- bundle P — > X for a separable Hilbert space Recall from [5S] that a 
twisted geometric cycle is a quintuple (M , E , ip , v , 17), where M is a manifold with 
stabilized normal bundle v : M — * BSO(oo), E e K°(M ), ip : M ->Xa continuous 
mapping such that 

<^*5(P) + W 3 (y) = e H 3 (M , Z) = [M ,BPU(3>?)] 

through an explicit homotopy 17 : [0, 1] x M — » BPU(^C). The homotopy 17 induces 
a P!7(J^f)-equivariant mapping 

fj : Pr s (v) - ip* R 
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The twisted geometric K-homology K^ e0 (P) of a principal PU(J^f)-bundle P is de- 
fined as the set of isomorphism classes of twisted geometric cycles modulo direct 
sum/disjoint union, vector bundle modification and bordism. It forms an abelian 
group under disjoint union and is graded by the dimension of the manifold in the 
cycle. 

The geometric assembly mapping /x gco : Kf eo (P) — > K°"(P) is defined by 

( M 0> E 0, V0> V >V) = (Vo)* 1 "?* ([Mo] n [£()])• 

Theorem 6.4 of [25J states that the geometric assembly mapping is an isomorphism 
for any principal PU^J^f )-bundle over a smooth manifold X. The requirement that X 
is smooth is crucial for the construction of geometric cycles in the proof of Theorem 
6.4 in [23] ■ 

5.1. The geometric modification mapping. We can construct the principal 
bundle Pr(v) as follows. Representing v as a mapping M — » BSO(fc) with k even, 
we obtain an SO(fc)-bundle Fr(v) — » M of frames on the stable normal bundle. 
The principal bundle Pr(v) — » M is the fiber product of the SO(fc)-bundlc Fr(y) — > 
M with PU(2 k ). Note that the fiber product is taken over the projective spin c - 
representation of SO(fc). The stabilization of Pr(v) is denoted by Pr s (v) (i.e., 
Pr s (v):=Pr(v)x PUi2k) PUiM')). 

Proposition 5.1. The homotopy 17 induces an equivariant mapping 

Proof. As 17 is a homotopy from i^*5(P) to W 3 (v) it induces a P!7(J^f)-equivariant 
mapping 17 : Pr s (v) — » i^P. The stable equivariant morphism tp° : Pr s (v) — > P is 
defined by means of the composition 

Pr,(v) -%;p ^ P 

where the latter is projection onto the first coordinate when writing (p^P = P x x 
M . □ 

If (M ,E ,ip ,v,r]) is a twisted geometric JC-homology cycle, we pull back v to a 
mapping v : S(T*M 91)-» BSO(fc) and set 

M v :=Pr(v) = n*Pr{v), 

where n : S(T*M © 1) — > M denotes the projection mapping. We give the total 
space M v of this P[/(2 fc )-principal bundle over the spin c -manifold S(T*M © 1) the 
induced spin c -structure from S(T*M © 1). Let s : M — » S(T*M © 1) denote the 
south pole map. It is clear that 

s*M v =Pr{v). 

Since we have choosen a spin c -structure on S(T*M ©1), we can define E v e K° roj (M r ) 
as the image of E under the push forward 

s, : K°(M ) -» tf°(S(T*M © 1), 5(M V ) + W 3 (S(T*M © 1))) 

and the isomorphisms 

K°(S(.T*M © 1), 5(M V ) + W 3 (S(r*M © 1))) * K°(S(T*M © 1), 5(M V )) = K p * r0J (M v ). 

Here we only indicate the Dixmicr-Douady class of the involved Azumaya bundles 
to shorten notation. We let y V7) : M v —> P be the stable equivariant morphism 
defined from 

M v -» Pr(v)^ P. 
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Using these constructions, we define the geometric modification mapping on the 
semigroup of twisted geometric cycles 

5[M ,E ,(j} ,v,r]) = (M v ,E v ,ip vri ). 

The reader will note that there are a few choices in the definition of this map (i.e., 
in the construction of the cycle, {M V ,E V , ¥> VT) ))- Thus, technically, the map is not 
defined as a map from cycles to cycles; of course, as the reader can check, it is 
well-defined as a map from cycles to classes. The next proposition implies that this 
map induces a map at the level of geometric K-homology groups (i.e., from classes 
to classes). 

Theorem 5.2. IfP—*X is a principal PU(J^)-bundle, the geometric modification 
mapping induces a well defined mapping 5 : K£ eo (P) — ■ Kl ro, {P) that fits into the 
commutative diagram 

(6) K?°{P) 



Kr\P) K?{P) 

Proof. Let us start by proving that 5 respects the relations in Kf eo (P). It is clear 
that 5 respects direct sum/disjoint union. If (W ,E ,(p ,v,ri) is a twisted geomet- 
ric cycle with boundary, it is clear that we can construct a projective cycle with 
boundary (W v , E v , (f vr) ) in the same manner as above and 5d(W ,E ,(p ,v,r)) = 
d(W v ,E v ,ip vrj ) is null bordant. Similarly, it is standard to show that if V — » M is 
an even-dimensional spin c -vector bundle and letting n v : M v := S(V© 1) — » M and 
n v : (M,,) 71 v := S(n*V © 1) — » M v denote the projections, there is a bordism 

5{M V ,E ® p v , y n v ,v v , r)y) ~ [{M v ) n * v , E v ® ^, v , ° ^v)- 

Now we turn to proving that the diagram commutes. If (M ,£ , ip , v, 17) is a 
twisted geometric cycle, we have that 

fi o 5 [M 0) E Q , tp , v, 17] = Cv»v,)o.([s(r*Ar ® 1)] n s, [£ ]) = 

= O°„) *([M] n [£„]) = n seo [M , E , tp , v, 17] . 

□ 

Corollary 5.3. LetP—>X be a principal PU{3tf) -bundle. Then, 

(1) When J^f = (D n and X is a finite CW -complex fjL geo is an isomorphism if 
and only if 5 : K^ eo (P) — > K% ro} (P) is an isomorphism. 

(2) The geometric modification mapping 5 : JCjf (X, 8(PJ) —> K"f r0J (P) is an 
injection if and only if fjL geo is an injection. 

(3) The projective assembly mapping /i : K"£™ J (P) — » JC° n (P) is a surjection if 
and only if n ge0 is a surjection. 

Furthermore, if X is a smooth manifold, n is surjective and 5 is injective. 

Proof. That 5 is an isomorphism for principal PU(n)- bundles over finite CW- 
complcxcs if and only if fji geo is an isomorphism follows from Theorem 15.21 and 
Theorem 13.61 since 5 _1 = fj,~^ o o ^ and \i~l = 5~V -1 . Similarly, as /jo 5 = n geo , 5 
is injective if and only if fi geo is and ji surjective if and only if n ge0 is. The final 
statement of the corollary concerning smooth manifolds follows from the previous 
observations and Theorem 6.4 of [28]. □ 
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5.2. Geometric T-duality for geometric cycles. In Subsection 14. 11 we consid- 
ered T-dual projective cycles. This construction can also be done but with target 
twisted geometric K-homology. 

Definition 5.4 (The twisted geometric T-dual of geometric cycle on a circle bun- 
dle). If (M, is a geometric cycle on the total space of a circle bundle Z — *X 
we define its twisted geometric T-dual cycle (M,E,ip) x ge0 R on P T by 

(M,E,<p) x geo R.:= (M x S 1 ,E,n z o y x id, v MxS i, rj^), 

where 

(1) We identify E with its pullback to M x S 1 . 

(2) The mapping v MxS i : M x S 1 — » BSO(oo) comes from the spin -structure on 
M and the standard spin -structure on S 1 . 

(3) The homotopy is constructed from the spin -structure on M and the 
PU(J^)-equivariant mapping (p : M x S 1 x PU(Jtf) ->P T of Proposition]^ 

Proposition 5.5. // Z — * X is a circle bundle T-duality produces a well defined 
monomorphism xi ge0 R : K^ e0 (Z) — > K^ eo [P T ) that commutes with assembly map- 
pings. So the following diagram commutes; 

Kf°(Z) Kf°(P T ) 

(Z) — ^ K™(P T ) 

In particular, the assembly mapping in twisted geometric K-homology is a surjection 
forP T . 

The fact that the assembly mapping is a surjection in this case also follows from 
Corollary 14. 41 and Corollary 15. 31 The proof of this Proposition goes along the same 
lines as Proposition 14. 3[ so we shall not prove this. The difference being that the 
equivariance property is hidden away in the homotopy n^. 

5.3. The twisted index pairing. On page 154 of 0] the index problem was de- 
fined for abstract elliptic operators on a CW-complex, i.e. an analytic K-homology 
class. Analagously, we define the projective index problem. 

The projective index problem. If x eJC°"(P), find a projective cycle (M,E,(p) 
such that /x(M,E, = x. 

This problem has previously been studied in the context of the twisted index pair- 
ing using twisted geometric cycles in |llj , the description in projective K-homology 
is very similar. 

Proposition 5.6. IfX is smooth and (M,E,ip) solves the projective index problem 
forx<EK* n {P) then 



ind(x n y) ■ 



ch M [£] A <Ah Ay) A AIM) for y e K* rg j[P op ). 

M/PU(k) 



The proof of this Proposition can be carried out word by word as in the proof of 
Theorem 6.1 of [TT]- 
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6. Fractional index theory 

One of the reasons to introduce geometric K"-homology was the need for a more 
geometric homology theory describing the Atiyah-Singcr index theorem. In this 
section we will study how one can use projective K"-homology to describe the frac- 
tional index in a geometric way. As mentioned in the introduction, this problem 
was the starting point for considering the construction of projective cycles. 



6.1. The fractional index. In this subsection, we take a closer look at the frac- 
tional index. Let us first recall the motivation coming from the fractional analytic 
index of projective pseudo-differential operators. If A is an elliptic projective pseudo- 
differential operator, see Subsection 14.21 or [24], with parametrix R, the projective 
operator [A,R] is a projective smoothing operator and one defines the fractional 
analytic index of A by 

ind a (A) :=tr[A,R] eC. 

This does not depend on the choice of parametrix since we are dealing with a 
tracial functional. A priori this is only an invariant of A which takes complex 
values. However, much more can be said about this invariant. 

Theorem 6.1 (Theorem 4 of [24] ) ■ The fractional analytic index of an elliptic 
projective pseudo-differential operator A over a principal PU(n)-bundle is fractional 
and given by the formula 



r 



ind Q (A): 



ch n « P [a(A)] * Td(X). 

T'X 



Motivated by Theorem 16.11 we define the fractional index ind^ : K* ro -{P) — > Q 
for P —>X a smooth principal P[/(n)-bundlc over a closed manifold by 

r 

ind / (E):= ch P [£] AA(X). 
Jx 

So the content of Theorem l6~Tl is that ind a (A) = ind f [cj(A)] since A{T*X) = Td(X). 

Definition 6.2 (The projective index). Let P —>X be a principal PU{n)-bundle and 
[M,E,<p) be a projective cycle over P . We define the projective index of(M,E,tp) 
via 



ind proj (M,E,^) := 



ch AA{M/PU(k)) e R, 

MjPUik) 



where ^ ^ denotes the stable isomorphism (/?*P = M associated with ip . 

Our aim is of course to show that the projective index gives a well defined 
mapping on projective K-homology. It is instructive to consider the situation when 
P —* X is a smooth principal P[/(n)-bundle with a compatible spin c -structure. Every 
cycle (M,E, <p) can be uniquely represented by the cycle (P, if,E, id) in K% r °\P) 
because of Poincare duality. So we must show that the projective index of the two 
coincide. 
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From the twisted Riemann-Roch Theorem, see Theorem 5.3 and the remarks 
thereafter in [TT], we have that 

r 



md pro AM, E,^p) ■■ 



ch v . P [iSf v E]AMM/PU{k)) = 

M/PU(k) 



ch P ^ )^ v [E]AA(X)= ch P ^,[£]AA(Z) = 
IX Jx 
= md pro] (P,Lp ] E, id). 

Proposition 6.3. For any PU(n) -bundle, the projective index gives a well defined 
mapping 

ind pro; :^"(P)-(Q. 

Proof. Since Chern characters on the projective K-theory of a P[/(n)-bundle takes 
values in rational cohomology, it is clear that the projective index takes rational 
values. We must show that the projective index respects the three relations in K% ™ J . 
It is obvious that the projective index respects direct sums. 

To prove that the projective index respects vector bundle modification, assume 
that V —* M/PU{k) is an even-dimensional spin c vector bundle and as usual let 
V := n*V . Then, by the twisted Riemann-Roch Theorem (Theorem 5.3 in [TTj). 
■ 

md proj {M,E,if) v = ch^v rrP [* V o n vS,E] AA(S(V ©1)) = 



s(v ei) 
r 

S(Voffil) 

c 



ch K)> , P [s^ v e] aa(s(v e i)) = 

s, (ch^.p [* y B] AA(M/PU(k)j) = ind proj (M,E,<p). 



JS(V ®1) 

To verify that the projective index respects bordism, we observe that if (W, E, if) 
is a projective cycle with boundary, [£]|g w = [-Elsw] an d 

A{W lPU{k))\ mlPm) =A\dW /PV{k)). 

Stokes Theorem implies that 

r 

md proj (dW,E\ dw ,(p\ dw ) = 



ch^plV^AAiW/PUm 

3W/PU{k) 



(7) = d(c\. P [V lp E]AA(W/PU(k)))=0, 

JWjPU{k) 

Note that, since P is a Pl/(n)-bundle, the Chern character of a projective bundle is 
a closed form. □ 

In the proof that the projective index respects bordism, we see the assumption 
that P must be a principal P!7(n)-bundle. This observation will be considered in 
more detail in the next section. 

Definition 6.4 (The twisted geometric index). Let P —> X be a principal PU{ri)- 
bundle and {M,E,^p,v,rf) be a twisted geometric cycle. We define the twisted geo- 
metric index of {M,E,y>,v,r\) as 

r 



ind„ eo (M,£,^) := 



ch^r(-v)[*,£]AA(X)el, 

M/PU(k) 
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where ^ denotes the stable isomorphism ip*P • Fr(— v) = M associated with rj. 

Proposition 6.5. If P is a PU(n)-bundle, the twisted geometric index gives a well 
defined mapping 

ind -Kf°(P)-Q. 



Proof. The proof goes along the same lines as Proposition ^. 31 We need to show that 
the three relations are respected. It is obvious that the projective index respects 
direct sums. 

To prove that the twisted geometric index respects vector bundle modification, 
assume that V — » M is an even-dimensional spin c vector bundle and {M,E, <p,v,r]) 
a twisted geometric cycle. Then, by the twisted Riemann-Roch Theorem (Theorem 
5.3 in [TT]), 

md geo (M,E,tp,v,r)f = 

Js(v®i) 



4 WM-»1 [V s ! £ ] AA(S(V01)): 



s(vei) 



s(y®i) 



(ch v jp. M _ v3 Ai(M)] =ind geo (M,£,^). 



The bordism invariance of the twisted geometric index is proved exactly as in 
Proposition 16.31 It again uses the fact that, when P is a P[/(n)-bundle, the Chern 
character maps to closed form. □ 

Theorem 6.6. The geometric, projective and fractional index coincide in the fol- 
lowing sense. IfP —>X is a principal PU{ri) -bundle the following diagram commutes: 

Ki roi {P) 




Proof. If (M,E, ip, v, 17) is a geometric cycle the twisted Riemann-Roch Theorem 
(Theorem 5.3 in [TT]) implies 



s(r*M®i) 



ch . P [* S ,£]AA(S(fM©l)): 



indp roj (5(M,E,^,v,T))) 



ch,,. P AA(S(T*M0 1)) = 

's(r*Mffii) v 

s* (ch^^^E] AA(M)) = 

/s(r*M®i) 
= ind geo (M 5 £:,^ 5 v,'i7). 

That the left hand side commutes is a consequence of the twisted Riemann-Roch 
Theorem and the fact that 



[cZ(A)] = [s(r*pei),s,[c7(A)], v >], 
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as in |2J. The mapping s : TfP — > S(T|P © 1) is denned as the obvious embedding. 

□ 

6.2. The problem with non-torsion Dixmier-Duoady invariants. An inter- 
esting question is whether fractional index theory exists for general PU(J^f)-bundles. 
There is not really an obvious index formula in this setting. In particular, the 
twisted Chern character does not take values in a cohomology group that is isomor- 
phic to de Rham cohomology, so we can not integrate. This can be explained by 
the fact that we can not push forward to a point since this map does not respect 
the twist. 

On the analytic side there are problems in constructing a fractional index for 
infinite-dimensional as there exists obstructions to defining projective pseudo- 
differential operators. It follows from Theorem 8.1.1 of [5] that it is not possible to 
construct projective pseudo-differential operators over a principal P[/(J^f)-bundlc 
when the Dixmier-Douady invariant is non-torsion. To be more precise, one can 
not construct a symbolic calculus in this case. It is however possible to construct a 
pseudo-differential calculus for describing the twisted index pairing, see [T5] , 

Similarly, there are problems in having a well defined fractional index in the 
geometric models for twisted JC-homology. We will now discuss these problems. 
As the same type of problems arise in both geometric twisted K-homology as in 
projective JC-homology, we focus on the latter. 

Lemma 6.7. Let M — » X be a principal PU{n) -bundle, P — » X be a principal 
PU(J^) -bundle and (f : M — » P be a stable isomorphism. Then, there is an even de- 
gree form co^ (uniquely determined modulo exact forms by ip) making the following 
diagram commutative: 

K* .(M) > K* (P) 

pro] v ' P ro J 
ch M ch p . 

Proof. By |26j the twisted Chern character is a complex isomorphism so e"* exists. 
If we have two such isomorphisms e"v- and e M **, the form e™' - "* is closed and its 
cohomology class is 1, that is a> v — co'^ is exact. □ 

From Lemma [6. 71 we see exactly why the definition of the projective index breaks 
down for non-torsion Dixmier-Duoady invariant. Namely, the mapping ^ is in 
general implemented by a non-closed form. Thus the bordism relation need not be 
respected by the projective index for non-torsion twists. 

Being that it is the mapping that causes problems with the projective index 
let us consider a definition of an index where ^ is not included. We define the 



naive projective index 

ind proi (M,E,t/0 



ch M [E] AA{M/PU{k)) e R. 

M/PU{k) 



The tilde symbolizes how naive this definition is. We make the following observation 
based on the proof of Proposition [ 



Proposition 6.8. The naive projective index respects direct sum/disjoint union 
and bordism relation but in general not vector bundle modification. 

This can be seen already when there is no twist present since the naive projective 
index does not depend on the mapping part of the cycle. A concrete example can 
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be constructed by taking the space (DP 2 with no twist at all. The cycle ((DP 2 , (DP 2 X 
(D, id) is a projective cycle over (DP 2 whose naive projective index is 

md ((DP 2 , (DP 2 x (D, id) = A[<CP 2 ) = --. 

8 

However, it is clear that ind pr0J ((DP 2 , (DP 2 x (D, id) does not depend on the mapping 
id : CP 2 — » (DP 2 and so it can be computed from the cycle ((DP 2 , (DP 2 x (D) over a 
point. If the naive projective index were to respect vector bundle modification, it 
would only depend on the class of ((DP 2 , (DP 2 x <D) in Kf (pt). But iff °(pr) = 7L 
and the isomorphism is given by taking the index of the spin c Dirac operator. Hence 
(CP 2 , CP 2 x (D) is equivalent to (pt,pt x (D) in Kf °(pt). However; 

ind pro; (pf,pf x<D) = l. 

We can conclude that the naive projective index is not preserved under vector 
bundle modification. 

6.3. The associated rational classes. We will in this subsection make the stan- 
dard assumption that P — » X is a principal Pl/(n)-bundlc. It follows from the 
rational Chern character being an isomorphism that Kf r0; (P;Q) = K^X;<Q). We 
construct this isomorphism explicitly. To begin, the reader should recall that the 
group can be realized using cycles of the following form: 

Definition 6.9. Let X be a compact Hausdorff space and denote by D the UHF- 
algebra with K -group the rational numbers (compare to Exercise 23.15.6 of 
Then a rational K -cycle over X is a triple, (M,£,/), where M is a smooth compact 
spin c -manifold, E, e K°(X; <Q) = K°(C(X) <S)D), and f :M—>X is a continuous map. 

Such cycles arc defined using K-thcory classes rather than bundles. As such, 
there are only two relations, bordism and vector bundle modification. We will let 
the set of equivalence classes of rational .JC-cycles over X under the relation generated 
by bordism and vector bundle modification be denoted by K. t (X; (Q); it forms a 
group under the obvious disjoint union operation. The interested reader can find 
more details on these cycles and associated geometric realization of KK*(C(X),D) = 
K*{X; Q) in [57]. We will use E n to denote the n th iterated tensor product. 

Proposition 6.10. If E is a vector bundle on a d -dimensional manifold X whose 
rank has an n th root, the rational vector bundle 

VE := ^7fc(i) + Yi ( l/ k n ) 0? - rKE)? 

is well defined and satisfies E = y/E . Any vector bundle F satisfies F = a/F" in 
JC*(X;(Q). Furthermore, roots commutes with Chern characters. 

We leave the details to the reader who should note the Taylor expansion: 

00 f \ 

ci+x)«=2 U K> for |x|<1 - 

k=o v J 

If £ is a projective vector bundle over a principal PL/"(n)-bundlc, we define its 
rationalization [-E]<q as the rational K-theory class 

[£] Q := VI*. 

This definition produces an element of K*(X; (Q) using the fact that E n descends to 
a vector bundle on X . 

Proposition 6.11. Rationalization of projective bundles induces a well defined 
mapping K* .(P) — » K*(X; Q) which is a rational isomorphism. 
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Proof. Since ch[£]<Q = ch P [£] and the Chern character is a rational isomorphism, 
[£] — > [£]q is both additive and a rational isomorphism. □ 

If M is a spin c -manifold we let L W3 (M) — » M denote the determinant line bundle 
associated with the spin c -structurc. To be precise, if Fr c {M) — > M denotes the 
principle spin c -bundle that lifts the frame bundle Fr{M) — > M, the determinant 
bundle is Fr c {M) X Spin c [/(l). 

Proposition 6.12. In the notation of the previous paragraph, we have 



ch [ VL^HM)] q A TdfM) = A(M). 

Proof. The proof of the Proposition follows by observing e c d LW2 WV 2 a Td[M) = 
A[M). □ 

Definition 6.13. If(M,E,ip) is a projective cycle we define its rationalization as 
the geometric rational K- cycle over X given by 

(M,£,^ = (M/PUik), [4V-E]q ® \/L w >(M/PU(k)), Vo ) . 

Proposition 6.14. Rationalization of projective cycles induces a well defined map- 
ping R : K% (P) — » (Q) which is a rational isomorphism. 



Proof. It is clear from Proposition 16. 1 II and the fact that the assembly mapping is 
an isomorphism, that if the mapping is well defined, it is a rational isomorphism. 
That the rationalization is well defined is a standard verification that we leave to 
the reader. □ 



Theorem 6.15. If P — *X is a principle PU{ri)-bundle, the following diagram com- 
mutes: 

R 



Kr } (.p) 




Proof. We have that 

ind Q ([L]n(M,E )¥ Q ) = 

ch ([L w 3(M/Pt/(fc))] Q U [* V E] Q ) A Td{M/PU{k)) ■■ 



M/PU(k) 



M/PU(k) 



ch v , P (*„[£]) AA{M/PU(k)) = md pr0J (.M,E,v). 



□ 
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